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To present a distinct formulation to represent the electrothermal 

phenomena associated with HVDC ring electrodes.
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INTRODUCTION

Quando usar Corrente Contínua em Alta Tensão – CCAT

(High Voltage Direct Current – HVDC)
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INTRODUCTION

✓ Travessia de rios, lagos e

oceanos

✓ Conectar sistemas AC

assíncronos

✓ Conectar sistemas de

frequências diferentes

✓ Back-to-back

✓ Transmissão subterrânea

por cabos

✓ Transmissão aérea em

longas distâncias
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INTRODUCTION

✓ Maior potência por condutor

✓ Torres e linhas mais simples

✓ Pode usar retorno pela terra

✓ Sem efeito pelicular

✓ Sem corrente de carregamento

✓ Fator de potência unitário

✓ Menor impacto ambiental

Vantagens
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INTRODUCTION

✓ Preço dos conversores

✓ Potência reativa requerida pelos

conversores

✓ Os conversores geram harmônicos

✓ Não há disjuntor para operar em DC

Desvantagens
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INTRODUCTION

Linhas HVDC no Brasil
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INTRODUCTION

Ponto de Equilíbrio de Custos

CA/CC (break-even distance)
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INTRODUCTION

Diagrama unifilar e modos de operação (Line-Commutated Current-

sourced Converter – LCC ou CSC)

Operação Monopolar
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INTRODUCTION

Diagrama unifilar e modos de operação

Operação Bipolar
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INTRODUCTION

Diagrama unifilar real de um terminal



14

INTRODUCTION

Terminal Xingu
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INTRODUCTION

Terminal Xingu
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INTRODUCTION

Terminal Xingu
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INTRODUCTION

Terminal Xingu
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INTRODUCTION

Terminal Xingu

✓ Eletrodo de aterramento do

bipolo a 38 km da SE Xingu

✓ 600 metros de diâmetro

✓ 3,5m de profundidade

Linha que conecta a SE ao eletrodo
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INTRODUCTION

• An HVDC system is composed of converter (rectifier and inverter) stations, transmission lines,

and ground electrodes or metallic return.

• A monopolar operation with ground return may conduct thousands of amperes for long periods of

time, such as several months. Thus, the correct design of HVDC ground electrodes is of the

utmost importance.

1 - Monopolar operation of an HVDC system



20

INTRODUCTION

• The physical and chemical properties of the soil are as important as the ground

electrode geometry, which can have a ring, straight, or star form.

• The best layout must be chosen based on the available area and the type and

stratification of the soil.

• Ring (or toroidal) electrodes spread the current more uniformly in a

homogeneous soil, thus it is the most common type. This is the electrode form

chosen for this paper.
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ELECTRIC PARAMETERS

Let’s consider the linearly charged ring electrode represented below, with a uniform

charge density λ (in C/m), to calculate the electric potential V with respect to remote

earth.

2 - Tridimensional representation of 

the toroidal electrode

3 - Upper view
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ELECTRIC PARAMETERS

The potential V at an arbitrary point P(x,y,z) due to a linear charge distribution can

be found using Coulomb’s or Gauss’ Law, as shown by Equation 1.

𝑉 𝑥, 𝑦, 𝑧 =
1

4𝜋𝜀
න

𝜆 𝑑𝑙

𝑃 − 𝑃′  1

ε is soil permittivity

P is an arbitrary point in the surroundings

P’ is an arbitrary source point in the circumference

dl is a differential element of the circumference, given by 𝑑𝑙 = 𝑎. 𝑑𝛼 
𝑃 − 𝑃′ is the magnitude of the distance from P to P’.
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ELECTRIC PARAMETERS

In cylindrical coordinates

P x, y, z = P r cosφ, r sinφ, z  

P′(x, y, h) = P′(a cosα, a sinα, h)

𝑟 = 𝑥2 + 𝑦2, cos 𝜑 =
𝑥

𝑟
and sin 𝜑 =

𝑦

𝑟

then 𝑃 − 𝑃′ can be written as

𝑃 − 𝑃′ = 𝑟 cos 𝜑 − 𝑎 cos 𝛼 𝒂𝒙 + 𝑟 sin 𝜑 − 𝑎 sin 𝛼 𝒂𝒚 + 𝑧 − ℎ 𝒂𝒛 (2)

where ax, ay and az are unit vectors along axes x, y and z respectively, which can be 

related to cylindrical coordinates by the following equation:

𝑎𝑥 = cos 𝜑 𝑎𝑟 − sin 𝜑 𝑎𝜑 (3)

𝑎𝑦 = sin 𝜑 𝑎𝑟 + cos 𝜑 𝑎𝜑 (4)



25

ELECTRIC PARAMETERS

After some algebraic manipulation we obtain the following:

𝑃 − 𝑃′ = [𝑟 − 𝑎 cos(𝛼 − 𝜑)] 𝑎𝑟 − 𝑎 sin 𝛼 − 𝜑 𝑎𝜑 + 𝑧 − ℎ 𝑎𝑧 (5)
 

𝑃 − 𝑃′ = [𝑟 − 𝑎 cos(𝛼 − 𝜑)]2+[−𝑎 sin(𝛼 − 𝜑)]2+(𝑧 − ℎ)2 (6)

From the electromagnetic theory, 

we know the following to be true:

𝑖 = ර 𝐽. 𝑑𝑠 7

𝐽 =
𝐸

𝜌
(8)

𝐸 =
𝐷

𝜀
(9)

𝜆 =
𝑄

2𝜋𝑎
(10)

𝑄 = ර 𝐷. 𝑑𝑠 (11)

Replacing (8), (9), (10) and (11) in (7) leads 

to

𝑖 = ර
𝐷

𝜌𝜀
. 𝑑𝑠 =

1

𝜌𝜀
ර𝐷. 𝑑𝑠 → 𝑖 =

𝑄

𝜌𝜀
 → 𝒊 =

𝟐𝝅𝒂𝝀

𝝆𝜺
 12

Then equation 12 can be written as:

𝒊 =
𝟐𝝅𝒂𝝀

𝝆𝜺
 →

𝜆𝑎

𝜀
=

𝜌𝑖

2𝜋
 12
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ELECTRIC PARAMETERS

𝑃 − 𝑃′ = [𝑟 − 𝑎 cos(𝛼 − 𝜑)]2+[−𝑎 sin(𝛼 − 𝜑)]2+(𝑧 − ℎ)2 (6)

By using (6) in (1) and rewriting it in cylindrical coordinates we obtain

𝑉 𝑟, 𝜑, 𝑧 =
𝜆 𝑎

4𝜋𝜀
න

0

2𝜋
𝑑𝛼

[𝑟 − 𝑎 cos(𝛼 − 𝜑)]2+[−𝑎 sin(𝛼 − 𝜑)]2+(𝑧 − ℎ)2
 (13)

𝑉 𝑥, 𝑦, 𝑧 =
1

4𝜋𝜀
න

𝜆 𝑑𝑙

𝑃 − 𝑃′  1

Substituting (12) in (13) it results in the following:

𝑉 𝑟, 𝜑, 𝑧 =
𝜌𝑖

8𝜋2 න

0

2𝜋
𝑑𝛼

[𝑟 − 𝑎 cos(𝛼 − 𝜑)]2+[−𝑎 sin(𝛼 − 𝜑)]2+(𝑧 − ℎ)2
 (14)
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ELECTRIC PARAMETERS

𝑉 𝑟, 𝜑, 𝑧 =
𝜌𝑖

8𝜋2
න

0

2𝜋
𝑑𝛼

[𝑟 − 𝑎 cos(𝛼 − 𝜑)]2+[−𝑎 sin(𝛼 − 𝜑)]2+(𝑧 − ℎ)2
 (14)

• Equation 14 represents the electric potential in the vicinities of the toroid placed at

z = h.

• To satisfy the boundary conditions at the air-soil interface (z = 0), we must assume

that a second electrode is placed at z = - h. This procedure is known as the Method

of Images. Thus, the electrical parameters V, E and J are calculated by the

superposition of the two electrodes.

• By means of the same method used to deduce (14), the potential due to the

imaginary toroid (placed at z = - h) is as follows:

𝑉 𝑟, 𝜑, 𝑧 =
𝜌𝑖

8𝜋2 න

0

2𝜋
𝑑𝛼

[𝑟 − 𝑎 cos(𝛼 − 𝜑)]2+[−𝑎 sin(𝛼 − 𝜑)]2+(𝑧 + ℎ)2
 (15)
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ELECTRIC PARAMETERS

𝑉 𝑟, 𝜑, 𝑧 =
𝜌𝑖

8𝜋2 න

0

2𝜋
𝑑𝛼

[𝑟 − 𝑎 cos(𝛼 − 𝜑)]2+[−𝑎 sin(𝛼 − 𝜑)]2+(𝑧 − ℎ)2
 

Thus, the electric potential, due to the two conductors, becomes the equation below:

+
𝜌𝑖

8𝜋2 න

0

2𝜋
𝑑𝛼

[𝑟 − 𝑎 cos(𝛼 − 𝜑)]2+[−𝑎 sin(𝛼 − 𝜑)]2+(𝑧 + ℎ)2
 (16)

By using this equation, it can be noticed that V does not change along the φ-direction,

which was expected because of the symmetry of the electrode. In other words,

equation 16 can be simplified if we consider φ = 0, which becomes, considering only

two dimensions (r and z), the following:

𝑉 𝑟, 𝑧 =
𝜌𝑖

8𝜋2
[න

0

2𝜋
𝑑𝛼

ൣ𝑟 − 𝑎 cos ]𝛼
2

+ 𝑎2 sin2 𝛼 + 𝑧 − ℎ 2

+ න

0

2𝜋
𝑑𝛼

ൣ𝑟 − 𝑎 cos ]𝛼
2

+ 𝑎2 sin² 𝛼 + 𝑧 + ℎ 2

] 17
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ELECTRIC PARAMETERS

The solution for equation 17 is expressed by elliptic integrals of the first kind, as shown below from the

Mathematica programming language.

𝑉 𝑟, 𝑧 =
𝜌𝑖

8𝜋2
[න

0

2𝜋
𝑑𝛼

ൣ𝑟 − 𝑎 cos ]𝛼
2

+ 𝑎2 sin2 𝛼 + 𝑧 − ℎ 2

+ න

0

2𝜋
𝑑𝛼

ൣ𝑟 − 𝑎 cos ]𝛼
2

+ 𝑎2 sin² 𝛼 + 𝑧 + ℎ 2

] 17

With equation 17 and considering the electromagnetic theory, we can also obtain E and J in the r- and z-

direction, which are related to V by the following equations:

𝐸𝑟 = −
𝜕𝑉𝑒𝑙𝑒𝑡𝑟𝑜𝑑𝑜 𝑟, 𝑧

𝜕𝑟
(18)

𝐸𝑧 = −
𝜕𝑉𝑒𝑙𝑒𝑡𝑟𝑜𝑑𝑜 𝑟, 𝑧

𝜕𝑧
(19)

𝐸 𝑟, 𝑧 = 𝐸𝑟2 + 𝐸𝑧2 (20)

𝐽𝑟 =
𝐸𝑟

𝜌
(21)

𝐽𝑧 =
𝐸𝑧

𝜌
(22)

𝐽 𝑟, 𝑧 = 𝐽𝑟2 + 𝐽𝑧2 (23)



30

1 – Introduction

2 – Electric Parameters

3 – Heat Conduction

4 – Finite Element Method

5 – Results

6 – Conclusions

7 - References

CONTENTS



31

HEAT CONDUCTION

The general heat conduction equation in cylindrical coordinates is given by

1

𝑟

𝜕

𝜕𝑟
𝑘 𝑟

𝜕𝑇

𝜕𝑟
+

1

𝑟2

𝜕

𝜕𝜑
𝑘

𝜕𝑇

𝜕𝜑
+

𝜕

𝜕𝑧
𝑘

𝜕𝑇

𝜕𝑧
+ 𝑔 = 𝑑𝑒. 𝐶

𝜕𝑇

𝜕𝑡
(24)

where 

r, φ and z are the cylindrical coordinates

k is the thermal conductivity in W/°C.m

g is the heat generated by the Joule effect in W/m³

de is the soil density in kg/m³

C is the specific heat in J/(kg.°C) 

T is the  temperature in °C 

t is the time in seconds

Considering an isotropic and homogeneous soil and no variation in the φ-direction,

equation 24 can be reduced to

𝜕²𝑇

𝜕𝑟²
+

1

𝑟

𝜕𝑇

𝜕𝑟
+

𝜕²𝑇

𝜕𝑧²
+

𝑔

𝑘
=

1

𝛼

𝜕𝑇

𝜕𝑡
 25
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HEAT CONDUCTION

𝜕²𝑇

𝜕𝑟²
+

1

𝑟

𝜕𝑇

𝜕𝑟
+

𝜕²𝑇

𝜕𝑧²
+

𝜌. 𝐽2

𝑘
=

1

𝛼

𝜕𝑇

𝜕𝑡
 25

where

𝑔 = 𝜌. 𝐽2

𝛼 =
𝑘

𝑑𝑒.𝐶
is the thermal diffusivity (m²/s)

The formulation presented in (25) is commonly known as the Fourier-Biot equation.
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HEAT CONDUCTION

𝜕²𝑇

𝜕𝑟²
+

1

𝑟

𝜕𝑇

𝜕𝑟
+

𝜕²𝑇

𝜕𝑧²
+

𝜌. 𝐽2

𝑘
=

1

𝛼

𝜕𝑇

𝜕𝑡
 25

Boundary Conditions

𝑎 𝑇 𝑡, 𝑟, 𝑧 = 𝑇𝑒𝑚𝑝𝑒𝑟𝑎𝑡𝑢𝑟𝑒 𝑎𝑡 𝑎 𝑔𝑖𝑣𝑒𝑛 𝑡𝑖𝑚𝑒 𝑎𝑛𝑑 𝑠𝑝𝑎𝑐𝑒

𝑏 𝑇 0, 𝑟, 𝑧 = 𝑇𝑖𝑛𝑖= 𝑇𝑎𝑖𝑟

𝑐 𝑇 𝑡, 𝑟1, 𝑧 = 𝑇 𝑡, 𝑟2, 𝑧 = 𝑇 𝑡, 𝑟, 𝑧2 = 𝑇𝑖𝑛𝑖

𝑑
𝜕𝑇 𝑡, 𝑟, 𝑧0

𝜕𝑧
=

ℎ𝑐

𝑘
[ 𝑇 𝑡, 𝑟, 𝑧0 − 𝑇𝑎𝑖𝑟]

where

𝑇𝑖𝑛𝑖 = temperature (°C) at t = 0

𝑇𝑎𝑖𝑟 = air temperature (°C)

𝑟1 = remote point from the electrode at the negative direction of r (m)

𝑟2 = remote point from the electrode at the positive direction of r (m)

𝑧0 = soil surface, i.e. z = 0

𝑧2 = remote point from the electrode at the positive direction of z, i.e. far from the soil surface

ℎ𝑐 = convection heat transfer coefficient (W/°C.m²)
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FINITE ELEMENT METHOD

𝜕²𝑇

𝜕𝑟²
+

1

𝑟

𝜕𝑇

𝜕𝑟
+

𝜕²𝑇

𝜕𝑧²
+

𝜌. 𝐽2

𝑘
=

1

𝛼

𝜕𝑇

𝜕𝑡
 25

In order to solve equation 25 using the finite element method, the Mathematica

programming language was used, in which a rectangular area near the electrode was

chosen, as shown in Figure 4.

Figure 4 – Mesh representation of the soil near the electrode
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FINITE ELEMENT METHOD

Mesh analysis 1

It was verified that the smaller the triangle length, the more computational time was

required to solve the differential equation, but the results would remain the same,

showing that the solution had converged.

Mesh analysis 2

Transversal section of the conductor

Soil Soil
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RESULTS

The analyzed configuration is presented in Table I, shown below.

Toroidal radius a = 300 m

Electrode section diameter d = 0.6 m

Remote point at -r direction 𝑟1 = 260 m

Depth of burial h = 2.7 m

Remote point at +r direction 𝑟2 = 340 m

Interface at soil surface 𝑧0 = 0

Remote point at +z direction 𝑧2 = 40 m

Injected current i = 2000 A

Soil resistivity ρ = 100 Ω.m

Thermal conductivities k = 0.26, 2.6 and 4 W/°C.m

Thermal diffusivity α = 7.74 x 10−7 m²/s

Initial soil temperature in °C 𝑇𝑖𝑛𝑖 = 18°C

Convection heat transfer coefficient ℎ𝑐 = 1 W/°C.m²

Air temperature 𝑇𝑎𝑖𝑟 = 18°C
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RESULTS

By using Table 1 and Equations 17, 20, 23 and 25 we obtain the results given in

Figures 5 to 13.

𝑉 𝑟, 𝑧 =
𝜌𝑖

8𝜋2
[න

0

2𝜋
𝑑𝛼

ൣ𝑟 − 𝑎 cos ]𝛼
2

+ 𝑎2 sin2 𝛼 + 𝑧 − ℎ 2

+ න

0

2𝜋
𝑑𝛼

ൣ𝑟 − 𝑎 cos ]𝛼
2

+ 𝑎2 sin² 𝛼 + 𝑧 + ℎ 2

] 17

𝐸 𝑟, 𝑧 = 𝐸𝑟2 + 𝐸𝑧2 (20)

𝐽 𝑟, 𝑧 = 𝐽𝑟2 + 𝐽𝑧2 (23)

𝜕²𝑇

𝜕𝑟²
+

1

𝑟

𝜕𝑇

𝜕𝑟
+

𝜕²𝑇

𝜕𝑧²
+

𝜌. 𝐽2

𝑘
=

1

𝛼

𝜕𝑇

𝜕𝑡
 25
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RESULTS

𝑉 𝑟, 𝑧 =
𝜌𝑖

8𝜋2
[න

0

2𝜋
𝑑𝛼

ൣ𝑟 − 𝑎 cos ]𝛼
2

+ 𝑎2 sin2 𝛼 + 𝑧 − ℎ 2

+ න

0

2𝜋
𝑑𝛼

ൣ𝑟 − 𝑎 cos ]𝛼
2

+ 𝑎2 sin2 𝛼 + 𝑧 + ℎ 2

] 17

Figure 5 – Potential in the r-direction at different z 

depths
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RESULTS

Figure 7 – Current density in the r-direction at 

different z depths

𝐽 𝑟, 𝑧 = 𝐽𝑟2 + 𝐽𝑧2 (23)
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RESULTS

Figure 8 – Temperature increase at the conductor 

surface (r = 300 m; z = 3 m) after 9600 hours 

(400 days) of continuous operation

𝜕²𝑇

𝜕𝑟²
+

1

𝑟

𝜕𝑇

𝜕𝑟
+

𝜕²𝑇

𝜕𝑧²
+

𝜌. 𝐽2

𝑘
=

1

𝛼

𝜕𝑇

𝜕𝑡
 25
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RESULTS

𝜕²𝑇

𝜕𝑟²
+

1

𝑟

𝜕𝑇

𝜕𝑟
+

𝜕²𝑇

𝜕𝑧²
+

𝜌. 𝐽2

𝑘
=

1

𝛼

𝜕𝑇

𝜕𝑡
 25

Figure 9 – Temperature distribution in the r-

direction at different z depths. k = 0.26 W/°C.m
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RESULTS

𝜕²𝑇

𝜕𝑟²
+

1

𝑟

𝜕𝑇

𝜕𝑟
+

𝜕²𝑇

𝜕𝑧²
+

𝜌. 𝐽2

𝑘
=

1

𝛼

𝜕𝑇

𝜕𝑡
 25

Figure 13 – Temperature increase at r = 300 m 

and z = 3.5 m after 9600 hours (400 days) of 

continuous operation considering d = 0.6 m and 

d = 1.2 m
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RESULTS

Figure 10 – Temperature distribution along the r and z axes after 9600 hours (400 days) 

of continuous operation. k = 0.26 W/°C.m

Figure 10 shows how the temperature is distributed in both directions and how

important the mechanism of convection is at the soil surface, as it reduces the

temperature at the top of the electrode.
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CONCLUSIONS

• Equations 17 to 23 provide a fast way, in terms of computational time, to verify how

the toroidal radius, the depth of burial, the injected current and the soil resistivity

affect the voltage, the electric potential, and the current density near the electrode.

• By means of the correct representation of the soil and electrode geometry, and the

correct mesh analysis, equation 25 can be easily solved by the finite element method,

so the temperature distribution at the electrode vicinity can be calculated in both

directions (r and z) and at any time of continuous operation considered.

• As expected, soil temperature is highly affected by the injected current, soil resistivity,

thermal conductivity, and the electrode section diameter. The average air temperature

also affects the soil temperature, but to a minor degree.

• Variations of thermal diffusivity and convection heat transfer coefficient had little effect

on the final soil temperature. However, heat transfer at the surface is dominated by

convection, so this mechanism cannot be neglected, or the final temperature of the

soil would be much higher.

• The electro-osmosis phenomenon and a n-layered soil were not considered in this

paper but must be included in another study, as it is mandatory for a complete

analysis of an HVDC ground electrode.
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To present a distinct formulation to represent the electrothermal 

phenomena associated with HVDC ring electrodes.

PURPOSE
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