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Example: inductors uL(t)=Ld'L(t)

dt

t i (t) : :
= 1 L i (t)=i (t-T
uL(t):_ juL(T)dT = — deL =L L() L( S)
TS t=Ts S (t-Tg) TS
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dalt) _ (f) dfc(jtt’T)dr —f(t,a(t)) dzt(t) +£(t, B(t))%t)

di, (t) i, (t) =i, (t—Ts _ oy di (t)
dt(t) . TS = = Gl=L5
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Non steady-state
lnaductor current
wavetorm:

: : g
u(t) I Uy, B I (Ts) =1 (de) - Eﬁ (1_ d)Ts
_________________________ 0
=
!
iL(0)- UI‘_’” dT, - Do (1-d)T,
[V}
s
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J tive element voltage-current re _'
remain valia also for average quantit

 for inductors, the current variation in a switching
period can be calculated by integrating their
average voltage;

« for capacitors, the voltage variation in a
switching period can be calculated by integrating
their average current.
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Boost: M=

a

_ : M =
Buck-Boost: 14

Boundary CCM-DCM:

H — Ai'—pp — Uon d= Uoff

e = 1-d
Lim =75 2L 2LfS( )
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Non linear components

Average switch and diode voltages and currents:

Us =d(T,, +T,) oo d Eszdif - d-
UD:d(Uon-l_—off) > d ° ID:d,IL

d'=1-d = complement of duty-cycle
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d'=1-d = complement of duty-cycle
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generators representing the relations between
average voltage and currents;

 These controlled voltage and current generators
can be substituted by an ideal transformer with a
suitable equivalent turn ratio.
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Switching
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Independent variables: u, i,

Dependent variables: up, I,
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Averaging
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du. . _: U,
§ dt y - 0
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Independent variables: u,, I,

Dependent variables: ug, Iy
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Switching cell

N

Us =dU '
70% g =%
Up =dUg d
s =d(i, +7,) - _ds
i =d(i, +1,) Sod”
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Alternative approacn

i i
_ 2 D,
di. — 7 — d —
2 I M
+ L, I+ +

Ol ® " O B Ie c=rRr

du. |dT, | di,
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Generic voltage or current:

Small-signal approximation:

Product of variables: X[y = XY + Xy + XY

Examples:

di, =(D+d){, +i_)=DI_+Di, +di,

du, = (D +d)(u, +0,)=DU, +Da, +du,
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DC small-signal

At steady-state:
_ Us =Ug =U,,
=0 =) {UD =Up =Ug

Ug +Up _ Ug (1+U

_D :&(1+2):$
U.) DU D/ DD
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DC small-signal
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DC small-signal
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Duty-cycle to output voltage transfer function:

eI " — RHP zero
L =
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Norm rlJu@cJ output voJ ege respC
-lr

5'9

t:
.'. The output voltage initially

moves in the wrong direction
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1+ sRL(1+ M)* +s?LC (1+ M)’
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The Inductor ‘llﬁ“@ﬂ"r S always zero at the
oejmmmg 0T each switching perioaq;

statement that the inductor current is no more a
state variable;

e switch and diode are replaced by non linear
controlled current generators
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First order model

[ A I,
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mpuisive perturbation:

S S : A
. . : ts +1s | o
Response to impulsive perturbation: ~ — N —
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The switch is replaced by a
controlled current generator
while the diode is replaced by a
controlled voltage generator
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9 0 dT, (d+d)T, T, ¢

- - d
< -:> o — Lo ' u _(Uon+Uo )d+Uo (1_d_d’)
= 1ind a d+d D ff ff
P=Pon gged) = o =22k g
2Lf, du,,
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du, _ 1(7 . Uoj i dy, g Up =U,d+ (0, -0, J1-d -d)
C 2LCf, CR, 2L

Duty-cycle perturbation:

dt U
do, I +1i _(D+6I) U, U, +0,

dt  C 2L Cf

rd_ﬂz(l_uomoj 2f, (IL+7L)+(U°+G°)(D+d)
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Small-signal’ linear moael:

2f (2M-1) 5 5
+ 1 1
DI ( ’ UWheF j[ ’ ‘*’pAFJ

unls) = 22y =
S J

C D
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Control-to-output transter func
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a) Full order model
b) First order model
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State, Input and output
variable vector:

Interval dT.: Interval (1-a)T.:

y =CyX y =CyX

1 tOt,,
0 tOt,

x = A,x+Bu+[(A,—A,)x+(B,-B,)ullg=A,x+B,u+FIq
y =C,x+(C,~C,)xf=C,x+G g

Switching function: q(t) = {

Applying moving . = X =A,X+B,u+F[{
average operator: X =X y=C,X+G{
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Hp: linear ripple approximation

Hp:

mall ripple approximation

q -
_________________ . G=d
. - [
i :
e
0 dT, T. ¢
Flg=F[g=F!d
A=Ad+ AZ(]_—d)

B=B,d+B,(1-d)

i t
______________  q=d
: Tt
L p—
—————————————— +-QUc =QqUc
dT, T, U

X=A,X+B,U+Fd=AX+BU
y=C,X+Gd=CX

C=C,d+C,(1-d)

: Modeling approaches for switching converters
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X =AX+B0+|[(A, - A,)X+(B,-B,)Uld = AX + B +Fd
§=Cx+(C,-C,)X d=Cx +Gd

2

(st-AYYBU(s)+FD(s))
CX(s)+GD(s)

%
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Interval dT.: Interval (1-d)T.:

rL L 1L> rL L 1L>
—AMA— T ——— —AMA— T —
+ e + Ie
L. CD + §R Ug CD + §R
cT Yo cT Yo
X =AX+B,u X =AXx+Byu
y = C,X y = C,X
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o
Steady-state  __ X{UJ

U, [ 1

R'|[DR
ion: UD'R

solution: Y=U, =3

I

R =D'?R+r_+DD'(r. //R)
Voltage conversion ratio:
12
U, _ 1. D'?R

M - _0 —_—
U, D' D?R+r +DD'(.//R)
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Small-signal linear model:
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k=1 k=

Applying moving - s : :
average operator: S r—

?i(idkAk]7+(idkBk]U 1 :
k=1 k=1 -—>

Why?

x|
[

!-l'v

!-l'v
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HP: lInear ripple approximation

Example: I, -q,

- 0Oy # TLal
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HP: small ripple approximation

x(t) = [quAij + [quBk)u =) X= [i dkAiji + (23: dkBij

k=1 k=1

M is the correction matrix

1
M=|d, +d,
0 1
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X = (idkAiji+(

k=1
1 O_ _ 2LfSTL
M= d1+d2 dz— 5T _dl d3 :1—d1—d2
i O 1_ on

If d; =0, I.e. In CCM, we have:

o o) = 1=(Zan o (Fanf
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